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Copulas, in dimension d = 2

Definition 1
A copula in dimension 2 is a c.d.f on [0, 1], with margins 2/([0, 1]).

Thus, let C(u,v) = P(U < u,V < v),
where 0 < u,v <1, then

e C'(0,z) =C(x,0) =0 Vzx€]0,1],

e C(l,x)=C(z,1) =2 Vxe€l0,1],

e and some increasingness property
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Copulas, in dimension d = 2
Definition 2

A copula in dimension 2 is a c.d.f on [0, 1]?, with margins I/ ([0, 1]).

Thus, let C(u,v) = P(U < u,V < v),
where 0 < u,v <1, then

e C(0,z) =C(z,0) =0 Vze€]0,1],

e C(l,z) =C(x,1) =2 Vzel0,1],

e [f0<uy; <uy <1,0<v; <1y <1

C'(ug,v2)+C(u1,v1) > C(uy, ve)+C(ug,vy)

(concept of 2-increasing function in R?)

see C'(u,v) = / / c(x,y) dxdy with the density notation.
0 JO =
>0
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Copulas, in dimension d > 2

The concept of d-increasing function simply means that
IP)(afl <U; < b17 ey Gg < Ug < bd) — IP)(U S [CL, b]) >0

where U = (Uy,...,Uy) ~ C for all @ < b (where a; < bi).

Definition 3

Function h : R? — R is d-increasing if for all rectangle [a, b] C R%, V}, ([a, b]) > 0,
where

Vi, ([a,b]) = A2h (t) = A% ADi—t AP Al (t)

aq—1°

and for all ¢, with

Zlgifl(t) ::}l(tl,n.,tf_l,bi,t@+1,.n,tn) —-fl(tl,“.,tﬁ_l,aﬁ,t¢+1,.“,tn).
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Copulas, in dimension d > 2

Definition 4
A copula in dimension d is a c.d.f on [0, 1]¢, with margins /([0, 1]).

Theorem 1 1. If C is a copula, and F1, ..., F; are univariate c.d.f., then
(@1, omtn) = C(F1 (21)s o Fal2a)) V(a1 oo 2g) € B 3)
is a multivariate c.d.f. with F' € F(Fy, ..., Fy).

2. Conversely, if F' € F(F1, ..., F;), there exists a copula C' satisfying . This copula
1s usually not unique, but it 1s if F7, ..., F; are absolutely continuous, and then,

C(uyyyug) = F(F7 (), oo By (ug)), V(ug,,oug) €[0,1]% (4)

where quantile functions Fl_l, ..., F-1 are generalized inverse (left cont.) of F}’s.

If X ~F, then U = (Fy(X1), -, Fy(Xq)) ~ C.
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Survival (or dual) copulas
Theorem 2 1. If C* is a copula, and F'1, ..., F4 are univariate s.d.f., then

F(zy,....;xp) = C*(Fi(x1), ..., Fa(zq)) Y(z1,...,2;) € R (5)

is a multivariate s.d.f. with F' € F(F1y, ..., Fy).

2. Conversely, if F' € F(F1, ..., F,;), there exists a copula C* satisfying . This

copula 1s usually not unique, but it is if F7i, ..., Fy are absolutely continuous, and
then,

C* (U1, ..ry uq) .,ug) €10,1]%  (6)

where quantile functions Fl_l, ..., F-1 are generalized inverse (left cont.) of Fj’s.

If X ~F,then U = (Fy(X1), -+ ,Fy(Xg)) ~Cand 1 -U ~ C™*.
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Benchmark copulas

Definition 5
The independent copula C is defined as

d
C’L(ul,...,un) = Uy X - X Ug = I_IuZ
i=1

Definition 6
The comonotonic copula C'* (the Fréchet-Hoeffding upper bound of the set of copulas)

is the copula defined as C T (uq, ..., uq) = min{uq, ..., uq}.
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Spherical distributions

Definition 7
Random vector X as a spherical distribution if

X=R-U

where R is a positive random variable and U 1s uniformly dis-
tributed on the unit sphere of R?, with R Il U.

E.g. X ~N(0,I).

Those distribution can be non-symmetric, see HARTMAN & WINTNER (AJM,
1940) or CaAMBANIS, HUANG & SiMONs (JMVA, 1979)
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Elliptical distributions

Definition 8
Random vector X as a elliptical distribution if

X=p+R-AU

where R is a positive random variable and U 1is uniformly dis-
tributed on the unit sphere of R?, with R 1l U, and where A

satisfies AA' = 3.

Eg X ~N(u,X).

Elliptical distribution are popular in finance, see e.g. JONDEAU, POON &
ROCKINGER (FMPM, 2008)
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Archimedean copula

Definition 9

If d > 2, an Archimedean generator is a function ¢ : [0, 1] — [0, co) such that ¢! is
d-completely monotone (i.e. ¢ is d-completely monotone if ) is continuous and

Yk =0,1,...,d, (—1)kd*y(t) /dtk > 0).

Definition 10

Copula C' 1s an Archimedean copula is, for some generator ¢,

C(ut,...,uq) = ¢ Ho(ur) + ... + ¢(ug)], Yui, ..., uq € [0,1].

Exemple
¢(t) = —log(t) yields the independent copula C-.

o(t) = [—log(t)]? yields Gumbel copula Cy (note that 1(t) = ¢~ (t) = exp[—t/?)).
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Archimedean copula, exchangeability and frailties

Conditional independence, continuous risk factor

Consider residual life times X = (X1, ---,Xy) condition-

ally independent given some latent factor ©, and such that

n

Flo)=P(X >x)=1¢ (- » logFy(x;)

1=1

where 1 is the Laplace transform of ©, ¥(t) = E(e©).

Thus, the survival copula of X is Archimedean, with gener- --

ator ¢ =11,
See OAKES (JASA, 1989).

o
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Stochastic representation of Archimedean copulas

Consider some striclty positive random variable R
independent of U, uniform on the simplex of R?.
The survival copula of X = R-U is Archimedean,
and its generator is the inverse of Williamson d-

transform,

X

t)d_ldﬁh().

Note that R £ o(Ur) + -+ ¢(Uq).

See NESLEHOVA & MCNEIL (AS, 2009).
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Archimedean copula and distortion

Definition 11
Function A : [0, 1] — [0, 1] defined as h(t) = exp|—¢(t)] is called a distortion function.

GENEST & Rrivest (SPL, 2001), MoRrILLAS (M, 2005) considered distorted

copulas (also called multivariate probability integral transformation)

Definition 12

Let i be some distortion function, and C' a copula, then

Cn(ut,...,uq) =h H(C(h(ur), -, h(uq)))

1s a copula.

Exemple2
If C = C*, then Cj- is the Archimedean copula with generator ¢(t) = — log h(t).
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Nested Archimedean copula, and hierarchical structures

Consider C(u1,- -+ ,uq) defined as
61 [D1[n (Dol - 97ty [Pa1(wr) + Ga—i1(u)] + - - + P2(ug—1))] + P1(uq)]

where ¢;’s are generators. Then C' is a copula if ¢; o gbi__ll is the inverse of a

Laplace transform, and is called fully nested Archimedean copula. Note that

partial nested copulas can also be considered,

P1

P2




ARTHUR CHARPENTIER - ARCHIMAX COPULAS (AND OTHER COPULA FAMILIES)

(Univariate) extreme value distributions

X, —b
Central limit theorem, X; ~ F iid. —/—= X S as n — 0o where S is a
29

non-degenerate random variable.

Xn'n T bn
Fisher-Tippett theorem, X, ~ F'i.i.d., '
29

L .
s M as n — oo where M is a

non-degenerate random variable.

Then

Xn'n o bn
IP( ' gx):F"(anx+bn)—>G(9€) as n — 0o,V € R
29

i.e. F' belongs to the max domain of attraction of G, GG being an extreme value

distribution: the limiting distribution of the normalized maxima.

—log G(z) = (1 + &x)/*
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(Multivariate) extreme value distributions
Assume that X, ~ F ii.d.,
F'(a,x +b,) = G(x) as n — oo, Va € R

i.e. I’ belongs to the max domain of attraction of G, G being an (multivariate)
extreme value distribution : the limiting distribution of the normalized

componentwise maxima,

Xn:n = (maX{Xl,i}, < ,maX{Xd,i})

—log G(z) = ([0, 00)\[0, z]), V& € R}

where 1 is the exponent measure. It is more common to use the stable tail

dependence function ¢ defined as

((z) = p([0,00)\[0, 2z ]), V& € RY
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—lOgG<$> — g(—lOgG1<CE1>, o 710g Gd(CBd)), Va € Rd

Note that there exists a finite measure H on the simplex of R? such that

f(,ﬁl}l, C 7xd) — maX{w1$17 T ,CUdCCd}dH(Wl, T ,Wd)
Sd

for all (x1,---,z4) € RZ, and dewidH(wl,--- ,wg)=1foralli=1,--- n.
Definition 13

Copula C : [0, 1] — [0, 1] is an multivariate extreme value copula if and only if there

exists a stable tail dependence function such that ¢

Cg(ula o 7ud) — eXp[_g(_ 1Og Upy -y — 1Og Ud)]

Assume that U; ~ I i.i.d.,

1

sur) — Co(u) as n — oo,V € R?

i.e. I' belongs to the max domain of attraction of Cy, Cy being an (multivariate)
extreme value copula, I' € MDA(CY).
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The stable tail dependence function
Observe that

n[l—C(l—%,--- ,1—%)} — —log [F(e_“"l,‘-- ,e_xl)]

\ 4

—(x)

Exemple3
Gumbel copula, 6 € |1, 400,

0
tofar,- a) = (@ - +af)

= ||y Vo € R?

Function £(-) statisfies

max{xy, - - ,rq} <Llx)< x4+ ---+x4
(asympt.) comonotonicity (asympt.) independence

Loo () 21 ()
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The stable tail dependence function /(-)
Function £(-) is homogeneous, ¢(t-x) =1t - {(x) Vt € Ry.

— consider the restriction of /(-) on the unit simplex Ay_1,

\

xr
g(w):Haz‘ng(m? ; — 'A(Cdl,“‘ 7wd—1)

l(w)
where A(-) is Pickands dependence function. Observe that
maX{wla R 7wd—1awd} < A(wla T 7wd—1) < 17 Vw € Ad—l

(see BEIRLANT, GOEGEBEUR, SEGERS & TEUGELS (2004)).
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Strong tail dependence
Definition 14

Let (X, Y) denote a random pair, the upper and lower tail dependence parameters are
defined, if the limit exist, as

A = lmP (X <Fgl(u)|Y < Fyt(u)),

u—0
~ EmP(U <u|V < u) = lim 24,

u—0 u—0 U

im P (X > Fy' (u) Y > Fy ' (u)

u—1

C* (u, u) |

u—0 u—0 U

Im P(U >1—-u|V <1—-wu)=lim
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L and R concentration functions

Gaussian copula

GAUSSIAN

R function (upper tails)

L function (lower tails)

1Ive curves.
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Gumbel copula L and R concentration functions

I I I I I
0.0 0.2 0.4 0.6 0.8 1.0

L function (lower tails) R function (upper tails)

Figure 2: L and R cumulative curves.
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Clayton copula L and R concentration functions

CLAYTON

0.0 0.2 0.4 0.6 0.8 1.0

L function (lower tails) R function (upper tails)

Figure 3: L and R cumulative curves.
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Student t copula L and R concentration functions

STUDENT (df=5)

0.0 0.2 0.4 0.6 0.8 1.0

L function (lower tails) R function (upper tails)

Figure 4: L and R cumulative curves.
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Student t copula L and R concentration functions

STUDENT (df=3)

0.2

L function (lower tails) R function (upper tails)

Figure 5: L and R cumulative curves.
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Weak tail dependence

If Z, and Z5 are independent (in tails), for u large enough
P(Z1 > Fy ' (u), Z2 > Fy ' (u)) = P(Z1 > Fy ' (u) - P(Z2 > Fy ' (u))

or equivalently, log P(Z; > Fy '(u), Zy > Fy *(u)) = 2log(1 — u),

If Z, are comonotonic (in tails), for u large enough

P(Zy > F7 ' (u), Zy > FyHu) =P(Zy > F7H(u) = (1 —u)?,

or equivalently, log P(Z; > Fy H(u), Zy > F; ' (u)) = 1log(1l — u).
log(1 — u)
logP(Zy > F{ ' (u), Zy > Fy '(u))

— limit of the ratio
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Weak tail dependence

CoLES, HEFFERNAN & TAwN (E, 1999) defined
Definition 15

Let (X, Y') denote a random pair, the upper and lower tail dependence parameters are

defined, if the limit exist, as

. log(u)
nr = lim —
u=0logP(Zy < Fy " (u), Z2

_ log(1 — u)
ny = lim — —1 -
w1 log P(Zy > F7Hu), Zy > Fy L (u))
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Gaussian copula Chi dependence functions

GAUSSIAN

0.2 0.4 0.6 0.8

lower tails upper tails

Figure 6: ¥ functions.
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Gumbel copula Chi dependence functions

I I I
0.2 0.4 0.6 0.8

lower tails upper tails

Figure 7: ¥ functions.
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Chi dependence functions

Clayton copula

CLAYTON
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Chi dependence functions

Student t copula
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Lower tails of Archimedean copulas

Study regular variation property of ¢ at 0,

lim P(st)
2 6(s)

/
=t"% ¢t € (0,00) <= 6y = — lim wllC)

s—0 gb( )

If & > 0: asymptotic dependence
Proposition 1
If 0 < y < oo, then forevery @ # I C {1,...,d}, every (x;)icr € (0,00)/! and every

(Y1, ...,yq) € (0,00)4,

— (Zz‘elc yz'_eo + 2 e (@i A y;) "% ) ~1/%

—0
Zie] T; "

This is Clayton’s copula.
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Lower tails of Archimedean copulas

Study regular variation property of ¢ at 0,

lim P(st)
s—0 gb(s)

__ =69 T s¢'(s)

=177t e (0,00) <= 0y = ;1_% o)

If 6 = 0: asymptotic independence (dependence in independence)

Proposition 2

If 6y = 0 and ¢(0) = oo, forevery @ # I C {1,...,d}, every (x;)ics € (0,00)/l and
every (y1,- .-, ya) € (0,00),

liﬁ)lPr[Vi cl:U; <sy;Viel:U; <xs(y;) |Viel:U; <szy

="
9i 7R,
x-A1> Hexp( 1| "y, ),

relc
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Upper tails of Archimedean copulas

Study regular variation property of ¢ at 1,
¢(1 — st)

/
1 —
=t t € (1,00) <= 6; = — lim s¢'(1 — 5)

50 91— 5)

lim

20 o1 — )

If & > 1. asymptotic dependence
Proposition 3
If 1 < 6y < oo, then forevery @ # I C {1,...,d}, every (x;)icr € (0,00)/! and every

(Y1, ...,yq) € (0,00)4,

0
limPriVi=1,....d:U; >1—sy; |Viel:U; >1—sx;| = ra(z1, , 2d; 01)
S0 171((4)ier; 01)

where z; = x; ANy; for?z € I and z; = y; forz € I€ and
J|— 0,\1/0
Tk(ula I 7uk;81) — Z (_1)| | 1(iejuj1) 1
o£JC{1,....k}

for integer k > 1 and (uq,...,u) € (0,00)%.
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Upper tails of Archimedean copulas

Study regular variation property of ¢ at 1,

(1 — st)
il—r:% d(1 —s)

_ 46 o s9(1—s)
=t""t e (1,00) <= 0, = gl_rf(l) Sl —5)

If 6 > 1 and ¢'(1) < 0: asymptotic independence, or near independence
Proposition 4

If1 <6, =1and ¢'(1) <0, then for all (x;);cr € (0,00) I and (y1,...,yq4) € (0,1]%,

hgijI‘[VZEIU121—S$1y1,\V/ZEICUzSyZ’\V/ZEI(LJZl—S.CCZ]

S DM (S e 6(3:)
CDTg-1(0)
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Upper tails of Archimedean copulas

If 6 > 1 and ¢’(1) = 0: asymptotic independence, dependence in independence
Proposition 5

Ifl1<6;=1and¢'(1) =0,if I C {1,...,d} and |I| > 2, then for every

(z3)ier € (0,00)/! and every (y1,...,yq) € (0,00)¢,

1imPr[V’i:1,...,d:UiZl—syi ‘Vig]:Ui21_Sxi]: Td(zla---azd)
Y 11 ((zi)ier)

where z; = x; ANy; for? € I and z; = y; for: € I€ and

re(un, . ug) =Y (—1>‘J‘(Juj)10g(wj)

D#JC{1,..

- _2/ / (ty + -+ 1)~ DdEy - dty

for integer £ > 2 and (uq,...,ux) € (0,00)
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Tails of Archimedean copulas

e upper tail: calculate ¢'(1) and 6; =

o ¢'(1) < 0: asymptotic independence
o ¢'(1) =0 et #; = 1: dependence in independence
o ¢'(1) =0 et §; > 1: asymptotic dependence

/
e lower tail: calculate ¢(0) and 6y = — lim s¢'(s)
s—0 gb( )

o ¢(0) < oco: asymptotic independence
o ¢(0) = 0o et §y = 0: dependence in independence

o ¢(0) = 0o et 0y > 0: asymptotic dependence
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What do we have in dimension 2 ?

C' is an Archimedean copula if C = C,

Co(u,v) = ¢~ [p(u) + ¢(v)]

C' is an extreme value copula if C' = Cy = ()

| Cafuyw) = oxp (oot (12502))

log[uv]

Co(u,v) = exp|—£(— log u, — log v)]

\

where A : [0,1] — [1/2,1] is Pickands dependence function, convex, with
max{w,l —w} < A(w) < 1,Vw € [0, 1].

Exemple4
A(w) = 1 yields the independent copula, C-.
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What do we have in dimension 2 ?

Exemple5
o(t) = [~ log(t)]? yields Gumbel copula Cp.

[we + (1 — w)e} t/6 yields Gumbel copula Cy.

Definition 16
C'is an Archimax copula (from CAPEERA, FOUGERES & GENEST (JMVA, 2000)) if

C =Cya

Coatur) =7 190 + o) (52 )

Note that there is a frailty type construction, see C. (K, 2006): given O, X has

(survival) copula Cy4, © has Laplace transform ¢1.

Note that Cy 4 is the distorted version of copula Cj4.
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What do we have in dimension d > 3 ?

Definition 17
C'is an Archimax copula (from C., FOUGERES, GENEST & NESLEHOVA (JMVA,

2014))if C = Cy

Cqb,@(ula o 7ud) gb_l [f(ﬁb(ul) T+t ¢(ud)>]

This function s a copula function.
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Stochastic representation of Archimax copulas
Theorem 3

C'.¢ is the survival copula of X = T'/© where © has Laplace transform ¢!,
independent of random vector 1" satisfying

P(T > t) = exp[—£(t)] = Co(e™?).

(see also L1 (JMVA, 2009) and MARSHALL & OLKIN (JASA, 1988)).
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Limiting behavior of Archimax copulas

One can wonder what would be the max-domain of attraction of that copula ?

If » = ¢~ 1 is such that (1 — s) is regularly varying at 0 with index 6 € [1, +oc],
then Cy ¢ belongs to the max domain of attraction of

Cor(ur, -+ ua) = exp [~ ([log(un)|”, -+ , |log(ua)|")]

(see also C. & SEGERS (JMVA, 2009) and LARSSON & NESLEHOVA (AAP, 2011)

in the case of Archimedean copulas).




